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The discovery of the existence of an upper bound on the mass of a white dwarf star is consid-
ered as one of the finest of twentieth century astrophysics. On approaching this limiting mass of
1.4M⊙, known as the Chandrasekhar mass-limit, a white dwarf is believed to spark off with an
explosion called type Ia supernova, which is considered to be a standard candle. But since the
last decade, observations of several over-luminous, peculiar type Ia supernovae indicate that the
Chandrasekhar-limit be significantly larger. By postulating noncommutativity between the compo-
nents of momentum variables, we show that the mass of white dwarfs can be enhanced significantly
and arrive at a new super-Chandrasekhar mass limit of about 4.68M⊙. This can provide a plausible
explanation for the origin of over-luminous peculiar type Ia supernovae.
PACS : 02.40.Gh, 97.20.Rp, 03.65.Ca, 97.60.Bw,
95.30.Sf
INTRODUCTION
White dwarf stars are one of the three end fates of a
star. These stars possess a theoretical upper bound on
their masses. This fact has been proven repeatedly by
numerous observations over the years since its uncover-
ing. The mass-limit of white dwarfs plays an important
role in establishing the type Ia supernovae (SNeIa) to be
standard candle, while an SNeIa is expected to be trig-
gered once a white dwarf approaches its limiting mass,
which is 1.4M⊙ called the Chandrasekhar mass-limit [1].
Based on the idea of this standard candle, the acceler-
ated expansion of universe was established [2, 3]. How-
ever, in last one decade or so, there are some peculiar,
over-luminous SNeIa observed, starting from 2006, whose
high luminosity, given their observed low ejecta velocity,
argues their progenitor mass to be as high as 2.8M⊙,
double the Chandrasekhar mass-limit! Examples of such
peculiar over-luminous SNeIa are SN 2003fg, SN 2006gz,
SN 200 7if, SN 2009dc [4, 5] and so far at least a dozen
of them have been observed. How to explain such a sig-
nificant violation of Chandrasekhar-limit? Earlier, pro-
posals were put forth considering enormous efficiency of
magnetic fields and it was argued that those highly super-
Chandrasekhar progenitors of SNeIa are plausibly highly
magnetized white dwarfs [6, 7]. However, these propos-
als suffer from the problem of a lack of prior knowledge
of field profile within stars and also there arises stability
questions for such highly magnetized white dwarfs[8, 9].
At this circumstance, here we take a stoke of plausi-
ble existence of noncommutativity of fundamental mo-
mentum variables and investigate whether that leads to
super-Chandrasekhar white dwarf with an enhanced lim-
iting mass. The plan is to consider noncommutativity at
the high density regime of non-magnetized white dwarfs.
The said noncommutativity, apart from introducing un-
certainty in simultaneous measurements of components
of momentum variables, mainly affects the underlying
statistical mechanics of electron degenerate matter. Note
that white dwarf matter is essentially a degenerate elec-
tron gas and the pressure opposing gravity is mainly the
degenerate electron gas pressure throughout. Therefore,
our plan is to explore the effect of momenta noncommu-
tativity in the equation of state (EoS) and subsequently
the effect of modified EoS to the white dwarf mass.
There are proposals [10–12] that at a very high en-
ergy regime, e.g. in early universe, the usual space-
space and momentum-momentum commutativities break
down, so that one postulates a NC algebra between the
coordinates which are now elevated to the level of opera-
tors, and similarly among momentum operators. Indeed
strong plausibility arguments were put forward by Do-
plicher et. al. [10] suggesting that a quantum structure
of space-time is indispensable at the smallest scales, viz
Planck scale. Actually the idea of NC space-times dat-
ing back to roughly 1940’s [11, 12] grew as a possible
way of removing the infinities which were occurring in
quantum electrodynamics at that time. Soon the renor-
malization program came and the idea of noncommuta-
tivity was washed out. However, it is worth mention-
ing here that almost all candidate theories of quantum
gravity currently indicate at this quantum structure of
space-time at the fundamental scales [13, 14]. Actually,
the point that all candidate theories of quantum grav-
ity indicating the existence of a quantum structure of
space-time is to be now stressed in the present work. In
[11], Max Born, in his quest for unifying quantum the-
ory and gravity suggested that both the coordinate space
and momentum space should be subjected to similar ge-
ometrical laws, as such a Riemannian structure. This
is the famous “principle of reciprocity”. Now, it is a
matter of fact that curvature in position space leads to
a noncommutativity in the momentum variables. Analo-
gously this implies, curved momentum spaces can lead to
2noncommutativity among the position variables and all
these concepts were beautifully stitched out in a seminal
work [15] by S. Majid to understand the nature of quan-
tum gravity using Born’s “principle of reciprocity”. It
was summed up there, and subsequently more transpar-
ently in [16], that quantum phase space should contain
quantum spacetime and there should be noncommuta-
tivity both in the configuration space variables as well
as in momentum variables in order to describe quantum
gravity.
White dwarfs have typical densities in the range of
106−1010g/cc and hence the associated length scales are
very far from that of the quantum gravity scale. There-
fore one can ignore spatial noncommutativities in the
present formulation and we are motivated to figure out
the consequences of momentum-momentum noncommu-
tativity arising from curved position space in the matter
of white dwarf stars, even if not being in the quantum
gravity regime. We shall also ignore the inter-particle
Coulomb interaction in a white dwarf star following the
arguments in [17] for simplicity of our present treatment.
FORMALISM
We consider relativistic electrons of mass me moving
in a three-dimensional space where the momentum coor-
dinates qˆ1, qˆ2 and qˆ3 do not commute but the position
coordinates yi commute such that
[qˆi, qˆj ] = iηij , [yˆi, yˆj ] = 0 , [yˆi, qˆj ] = i~δij ; i, j = 1, 2, 3.
where ηij is a 3×3 anti-symmetric matrix. Now we know
that any odd antisymmetric matrix can be brought to a
block diagonal form wherein the bottom right block will
be a null matrix. This will render the third momentum
coordinate to commute with the other two [18]. There-
fore now we have the NC Heisenberg algebra (NCHA) to
be
[xˆj , xˆk] = 0, [xˆj , pˆk] = i~δjk
[pˆa, pˆb] = iηǫab, [pˆa, pˆz] = 0, for a, b = 1, 2. (1)
where subscripts 1 and 2 respectively imply x− and
y−components of respective variables. Here η is the mo-
mentum NC parameter. It will turn out to be transpar-
ent below that the spectrum will be unaffected by such
a transformation of the operators, as the spectrum de-
pends on the eigenvalues of the η matrix and such a kind
of rotation does not change the eigenvalues of the η ma-
trix.
The NC algebra (1) we are dealing here is rather based
on a physical picture and the origin of noncommutativ-
ity in momentum space can be argued heuristically in
the following way. Basically, this stems from the fact
that here we are considering the motion of a typical
ultra-relativistic electron in the background of the grav-
itational field produced by the stellar material, rather
than ignoring it, unlike what was done by Chandrasekhar
who considered the electrons to be essentially free. But
like his analysis, we too are assuming that the potential
to be infinitely large outside the star so that the elec-
trons are essentially trapped inside. Let us consider the
gravitational interaction on an electron due to the stel-
lar matter which has the effect of creating a curvature
in a small region of the ambient space. Now we model a
test electron propagating under this gravitational back-
ground, i.e. propagating on the associated curved space
[19]. In our analysis we will be primarily interested in
the dynamics of ultra-relativistic electrons, which corre-
sponds to the existence of limiting mass of white dwarfs
in the usual case, and for such ultra-relativistic electrons
gravity effects are encoded in spatial curvature [20],[21].
Generically speaking, the situation can also be conceived
of as the stable circular motion of a test electron under
the influence of gravity of the surrounding matter and
such a motion can always be mapped to the motion of a
free electron on the sphere as geodesic flows on the sphere
is equivalent to the Kepler problem [22]. This is precisely
the case we consider here. Our approach closely tallies
with the well-known observations made in [23] in which
the author inferred that there must be strong curvature
at short length scales, which, averages to zero at large
scales. Bound stable circular orbits for photons under
general relativistic gravitational field have been demon-
strated in [24]. All of these facts motivate us to consider
effective motion of electrons on the surface of sphere re-
sulting in consideration of noncommutativity of momen-
tum components in the two directions and a commuta-
tive momentum for the third direction which is outlined
below:
The commutator of the covariant derivatives acting on
a fermion (a typical spinor) written in the local orthonor-
mal basis reads as [25, 26] -
[∇a,∇b]ψ = 1
4
Rabcdγ
cγd ψ, (2)
where ψ is the fermion wave function, γc,d are Dirac γ-
matrices and Rabcd is the Riemann tensor in the local
coordinate. For a space with constant scalar curvature
R ( 2r2 for a sphere S
2), Rabcd is actually a constant and
γ’s are constant matrices. If we now define pa = −i~∇a,
we obtain
[pa, pb]ψ = i
~
2
4r2
Sab ψ (3)
where Sab = i[γa, γb]. This is an example of canon-
ical type of commutation relation and this kind of
noncommutativity can be said to be spin dependent
noncommutativity. Such NC structures have been
already encountered in the literature [27], [28]. Compar-
ing equations (1) and (3), we see that the momentum
3noncommutativity parameter η is mimicking like ~
2
4r2 .
Also recently, similar NC structures among the phase
space variables were derived as an effective description
from Berry curvature in condensed matter systems like
in semiclassical dynamics of Bloch electrons, quantum
Hall systems, Fermi liquids, ferromagnetic metals [29–
32]. Further the postulation of noncommutativity in mo-
mentum space, which clearly has to stem from the system
inhabiting it, has also been addressed along quite simi-
lar lines in [33]. Since this is noncommutativity in the
momentum space, we have called it as dynamical non-
commutativity. Particularly, the momentum space NC
operation generally arises in the presence of a background
magnetic field.
ENERGY SPECTRUM
Given that we have argued that the momentum NC is
essentially the curvature effect of the background space
along the lines of [15, 16, 23], we can study the motion
of an ultra- relativistic electron in such a background
with only two components of the momentum being NC
in nature. From here on, we just focus on solving the
spectrum of an ultra-relativistic electron satisfying the
algebra (1). The standard approach in the literature to
deal with such NC quantum mechanical problems is to
form an equivalent commutative description of the NC
theory by employing some non-canonical transformation,
the so-called Bopp shift, which relates the NC operators
xˆj , pˆj following equation (1) to ordinary commutative
operators xj , pj , satisfying the usual Heisenberg algebra
[xj , pk] = i~δjk , [p1, p2] = 0. (4)
From here onwards, we denote NC operators with the hat
notation and commutative operators without hat. We
shall use the following well-known generalised Bopp-shift
transformations [34] given as
pˆj = pj +
η
2~
ǫjkxk.
(5)
If the total Hamiltonian of the system is Hˆ , the Dirac
equation for an electron moving in the NC plane satisfy-
ing the NCHA reads
Hˆψ = i~
∂ψ
∂t
= Eψ, (6)
where ψ is a two-component spinor of components φ and
χ, and the Dirac Hamiltonian is given by
Hˆ = ~α.~pc+ βmec
2, (7)
where c is speed of light. The above gives a pair of equa-
tions
(E −mec2)φ = ~σ.~pc χ and (E +mec2)χ = ~σ.~pc φ. (8)
On combining them, we obtain the energy given by
(E2 −m2ec4) = (~σ.~p)2c2 = pˆ2c2 + i~σ.(pˆ× pˆ)c2
=
[
(p2x + p
2
y) +B(x
2 + y2) +
η
~
(ypx − xpy) + p2z − σzη
]
c2
(9)
where
B =
η2
4~2
.
Therefore, we obtain an equivalent commutative
Hamiltonian in terms of the commutative variables
(quantum mechanical operators) which describes the
original system defined over the NC plane.
Now to compute the spectrum of a charged particle in
such a NC spacetime, first of all we need to construct
the ladder operators which will diagonalize the following
part of right hand side of equation (9), given by
Hˆ ′ =
[
(p2x + p
2
y) +B(x
2 + y2) +
η
~
(ypx − xpy)
]
c2.
(10)
The ladder operators involving the commutative phase-
space variables (operators) x, y, px, py, given by
aj =
(
1
2~
√
B
) 1
2
(
pj − i
√
Bxj
)
,
a†j =
(
1
2~
√
B
) 1
2
(
pj + i
√
Bxj
)
,
(11)
satisfy the commutation relations
[ax, a
†
x] = 1 = [ay, a
†
y]. (12)
Further defining a pair of operators
aˆ1 =
ax + iay√
2
, aˆ2 =
ax − iay√
2
, (13)
which satisfy the commutation relations
[aˆ1, aˆ
†
1] = 1 = [aˆ2, aˆ
†
2], (14)
the Hamiltonian given by equation (10) can be recast in
the diagonal form as
Hˆ ′ = η(2aˆ†1aˆ1 + 1)c
2. (15)
Therefore, on using equations (9) and (15), the total en-
ergy of the system is given by
E2(m) = p2z(m)c
2 +m2ec
4 + 2mηc2, (16)
41 where for spin-up (s = 12 ), m = n1 and for spin-down
(s = − 12 ), m = n1 + 1, when n1 is the eigenvalue of the
number operator aˆ†1aˆ1.
DEGENERATE EQUATION OF STATE
Above description argues for the modification to the
available density of states for the electrons in the presence
of noncommutativity. The Fermi energy EF of electrons
for the mth level is given by
ǫ2F = x
2
F (m) + 1 + 2mηD, (17)
where ηD =
η
m2ec
2 , ǫF =
EF
mec2
, xF (m) =
pF (m)
mec
.
Due to quantization in the energy levels in the x −
y plane, the modified density of state becomes 4piηh3 dpz.
This can be understood easily from equation (16), by
noting that the allowed values of 3-momenta ~p now lie
within a cylinder of radius
√
2mη, whose axis is along pz
in momentum space. Hence the electron number density
and electron energy density at zero temperature are given
by
ne =
mmax∑
m=0
4πm3ec
3ηD
h3
gmxF (m), (18)
u =
4πm3ec
3ηD
h3
mmax∑
m=0
gm
∫ xF
0
E(m)dx(m), (19)
where gm is the degeneracy such that gm = 1 for m = 0
and gm = 2 for m ≥ 1, m < m1 = (ǫ2F − 1)/2ηD and
actually in equations (18) and (19), m is taken to be the
nearest lowest integer of (ǫ2F − 1)/2ηD for every ǫF and
ηD. Therefore the pressure of the Fermi gas is [35, 36] :
P = neEF − u
=
mmax∑
m=0
2πm4ec
5ηD
h3
gm
[
ǫFxF (m)
− (1 + 2mηD) log
(
ǫF + xF (m)√
1 + 2mηD
)]
. (20)
1 One should be careful in implementing commutative limit η → 0;
a naive implementation will yield an absurd result, like the limit
~ → 0 in the problem of 1D harmonic oscillator having energy
spectrum En = (n+
1
2
)~ω. The classical continuous spectrum in
the limit ~ → 0 can be obtained provided we simultaneously take
the limit n → ∞ holding the product n~ fixed. Likewise here
too, we should take the simultaneous limit m → ∞ with η → 0
holding their product mη to be fixed. This will ensure that we
end up with continuous spectrum of a free electron in 3D. Note
that here η,m play the role of ~ and n in 1D harmonic oscillator
respectively.
Finally, the mass density is given by
ρ = µemnne, (21)
where µe is the mean molecular weight per electron and
mn is the mass of a neutron.
Now we assume that all the electrons are filled in the
lowest Landau level, hence m = 0. The validity and
condition of this assumption is given at the end of this
section, in the subsection “Discussion”. Now for m = 0,
on using (18) and (21), we can write the mass density as:
ρ = QxF (0), (22)
where, Q =
4πµemnm
3
ec
3
h3
ηD. (23)
and EoS reduces to
P =
h3
8πµ2em
2
nm
2
ecηD
[
ρ
√
ρ2 +Q2−Q2 log ρ+
√
ρ2 +Q2
Q
]
,
(24)
In the case of xF (0) >> 1, which corresponds to ρ
2 >>
Q2, EoS further reduces to a simpler polytropic form as
P =
h3
8πµ2em
2
nm
2
ecηD
ρ2 (25)
where the polytropic index is n = 1.
However, for the present case, also x2F = ǫ
2
F − 1 >
2mηD which implies ǫ
2
F = 2m1ηD +1 where 0 . m1 < 1,
particularly at the center and for ground level (ana-
log of the lowest Landau level for the magnetic case)√
ǫ2F (0)− 1 = xF (0) =
√
2m1ηD . Therefore, at center
ρ = ρc =
4πµemnm
3
ec
3
h3
η
3/2
D
√
2m1, (26)
when m1 can have any value below unity for all elec-
trons to be in the ground level. On eliminating ηD from
equations (25) and (26), one obtains
P = Kncρ
4/3, with Knc =
hc
2
(
m1
2πµ4em
4
n
)1/3
= 1.1× 1015m1/31 . (27)
It is to be noted here that the equation of state looks
very similar to that of Chandrasekhar except for the fact
that the constant of proportionality Knc is not the same.
Here it is augmented as compared to the usual case. This
will have a bearing on our subsequent results.
Fixing noncommutativity parameter
From equation (26) with ρc = 2× 1010/V g/cc, where
V is a parameter allowing to change the central density,
5we can set ηD at the center of the star given by
ηD =
(
2× 1010h3
4πµemnm3ec
3
√
2m1V
)2/3
≈ 456
(V µe)2/3m
1/3
1
.
(28)
Hence, for µe = 2 (carbon-oxygen white dwarfs) and
V = 1, ηD > 287.3 from equation (28) at center. If r
in equation (3) is the average separation of any two elec-
trons, at the center with ρc ∼ 1010 gm/cc, we obtain
~
2/(mecr)
2 ∼ ηD. This justifies the noncommutativity
under consideration to be spin-dependent curvature in-
duced noncommutativity, as argued below equation (3).
This further clearly confirms that as density decreases, r
increases and, hence, momentum space tends to become
commutative.
Discussion
The origin of η can be traced back from curvature aris-
ing in the gravitational interaction between the electrons.
In fact in [23], the author has given a similar basic in-
terpretation of momentum NC. The crux of the matter
is that whenever momenta do not commute, there has
to exist a fundamental length scale, or in other words
the commutator determines a scale. This length scale
is provided by the inter-electron separation in the given
problem which in turn determines the momentum NC
parameter η through equation (3).
In case of white dwarf stars, we have kBT << EF .
This also implies kBT << 2ηc
2 because in sufficiently
strong values of η, which is the case here, the energy
spacing becomes comparable/greater than electron rest
mass energy and the electrons become relativistic i.e.,
2ηc2 ≥ m2ec4. Here we have,
ηD =
η
m2ec
2
≈ 287 (29)
which is quite large as compared to unity. So, the elec-
trons are ultra-relativistic in our case and this is of ut-
most interest, for it is this case which is responsible
for the existence of mass-limit of white dwarfs even in
Chandrasekhar’s analysis. Almost all the contribution
towards the Fermi energy comes from η and so the factor
[(ǫ2F −1)/2ηD = mmax] becomes of order unity as evident
from (29). Now, note that each level specified by m and
with a definite Fermi momentum pF has a large degener-
acy (spectrum is dependent on only one mode n1) making
the system to be a highly degenerate Fermi system. The
case we have here is exactly analogous to that of low tem-
peratures and strong magnetic fields being applied on a
material sample; all the electrons are contained within
the first few Landau levels. This is exactly in this regime
that one encounters the much celebrated quantum Hall
effect.
LIMITING MASS
Equation (27) is re-written as
P = Kncρ
(1+ 1n ) (30)
where n = 3 is the polytropic index. Following the Lane-
Emden formalism, the mass of white dwarfs for EoS given
by the above equation (30) can be computed [6] as
M =
∫ R
0
4πr2ρdr = 4πa3ρcIn, (31)
where ρ = ρcθ
n, r = aξ are expressed in terms of dimen-
sionless variables θ and ξ respectively. Here note that
ρc is the central density of the white dwarf, and a is
given by a =
√
(n+1)Kncρ
(1−n)/n
c
4piG . The radius R of the
star is defined as R = aξ1 when at ξ = ξ1, θ = 0. Note
In =
∫ ξ1
0 θ
nξ2dξ.
For n = 3, In = 2.02 and substituting the value of Knc
from (27) in (31) , we get
M =
(
hc
G
) 3
2 m
1/2
1
πµ2em
2
n
In = 4.68M⊙ = Mmax (32)
Hence the mass-limit, when the mass becomes inde-
pendent of ρc, turns out to be significantly super-
Chandrasekhar for most values of m1 (0 . m1 < 1),
specifically for anym1 & 0.1 . Here we have taken µe = 2
which is typically the case for white dwarfs.
CONCLUSION
In this paper, we have tried to provide a plausible sce-
nario to explain the recent observations indicating su-
per Chandrasekhar limiting mass. Here we show, albeit
heuristically that the gravitational field produced by the
stellar material should naturally introduce an effective
noncommutativity in momentum space. This noncom-
mutativity can be regarded as a trade of with the curva-
ture effect arising from background gravity in the spirit
of [16]. We then show that this NC in momentum space
has some remarkable effect on the EoS and finally on the
limiting mass of white dwarf stars, when ultra-relativistic
electrons are considered. This can therefore be regarded
as a viable proposal to explain this over-luminous pe-
culiar supernova SNeIa. In this context, we would like
to mention that it is not possible to recover the usual
Chandrasekhar mass limit trivially by setting the non-
commutativity parameter η to be zero. This is because
there is a quantization in the energy levels of an electron
stemming from noncom- mutativity in our analysis, as
discussed previously in footnote 1 in page 3, whereas in
Chandrasekhar’s original anal- ysis the energy levels are
that of a free electron. Further all of our calculations are
6based on lowest Landau level (m=0) which is the extreme
quantum case. In order to get the usual mass limit, one
needs to work in the large m (large quantum number)
limit which will then yield the classical results.
Summing up, the lowest Landau level only filled up
case provides the strongest NC contribution in the eval-
uation of the modified white dwarf mass. Additionally,
this case is exactly analytically solved without resort-
ing to numerical computation, which presents the gen-
eral qualitative features one can have in the present sce-
nario of momentum noncommutativity considered in the
paper. To emphasize, note that here the electrons are
no more free unlike in Chandrasekhar’s work; they are
subjected to gravity and this affects the quantum me-
chanical statistical properties of the electrons. Recently
in [37], background gravity corrections on the otherwise
free electron dynamics inside a white dwarf were studied
from a perturbation perspective. Also, it is to be noted
that the equation of state (27) looks very similar to that
of Chandrasekhar except for the fact that the constant
of proportionality is not the same, it has been enhanced.
Physically, there is an increase in the degeneracy pressure
of the electrons due to the presence of noncommutativ-
ity which is responsible for withstanding a greater mass
inside the star. Secondly, this is by no means a fully gen-
eral relativistic treatment of white dwarfs at all. This
is because we have ignored the effects of GR when we
considered the hydrostatic balance equation for the stel-
lar structure giving rise to the Lane-Emden equations
(31). However, Chandrasekhar himself and also others
did the full GR computation of the white dwarf mass
and there is not much departure from the standard lim-
iting mass without GR [38]. In contrast here we find that
the momentum scale (
√
η), which is “internally” gener-
ated effectively to encapsulate the background gravity on
the electrons, is responsible for the considerable modifi-
cation in the limiting mass of white dwarfs. This scenario
allows for an accessible mass range from Chandrasekhar
mass limit all the way upto 4.68M⊙. It is worthwhile to
mention here that Chandrasekhar mass limit is an ide-
alization when the radius virtually goes to zero and the
density is infinite. All we argue here is that this idealized
limit might be enhanced if we have noncommutativity
in the momentum components thus providing a plausi-
ble theoretical explanation of the recent observations of
over-luminous peculiar supernova SNeIa.
Finally recall that the mechanical momentum com-
ponents in the Landau problem satisfy a NC algebra
where the corresponding NC parameter is proportional
to the strength of the external magnetic field [39, 40].
There, the characteristic frequency is the classical
cyclotron frequency given by ωc = eB/mec, where B is
the magnetic field strength and e is the electron charge.
In contrast, here we have the corresponding frequency,
ωq = η/2me~, as can be computed from (15) and has
a purely quantum mechanical origin. Therefore, our
analysis may possibly provide a hint at the quantum
origin of primordial magnetic field-like effects [41]. It will
be interesting to study the joint effects of momentum
space noncommutativity arising from curved space
along with a background magnetic field on the fate of
Chandrasekhar limit.
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